Introduction
Photonic crystal (PC) structures [1, 2] are very good candi− dates for 2D waveguide resonators as DFB or DBR resona− tors [3] . Photonic crystal has many advantages and the most important one is its potential for controlling the propagation of light. In particular, photonic crystals with line defects can be used for guiding light. Additionally, in the planar wave− guide structures fabricated with photonic crystals, it is pos− sible to obtain a single−mode propagation (in contrast to classic waveguide structures with total reflection) in wave− guides of a very large cross−section [4] . Presented in Fig. 1 photonic crystal reflectors are employed to achieve photon confinement in lateral direction and such design is promi− sing in a single−mode emission [5] .
The high−speed performance of lasers (having Fabry− −Perot as well as DFB/DBR resonators) can be characterized by a 3−dB modulation bandwidth [6] . In this paper the mod− ulation bandwidth in a planar waveguide laser based on 1D photonic crystal structures is analysed. Similarly, as in Ref. 7 , the time−dependent laser rate equations are used to derive a small−signal linear analysis for the 3−dB modulation band− width of this kind of laser. In the presented theoretical model, the gain saturation effect, transverse and longitudi− nal field distribution are taken into account. The solution of the rate equations provides approximate expressions which are used to determine the 3−dB modulation bandwidth. With the help of 3−dB modulation bandwidth relation, we ob− tained the laser characteristics showing an optimal reflec− tion of 1D photonic crystal mirrors and optimal geometry of the waveguide structure which provide maximal power effi− ciency for a given laser structure. It was also shown, that 3−dB modulation bandwidth strongly depends on values of photonic crystals' parameters of each considered mirror. The geometric parameters of used photonic crystals (lattice constant and number of primitive cells) decide of width of a single−mode waveguide and laser losses. The optimal va− lues of 1D PC parameters are determined in order to have a single−mode waveguide with width greater than in classical equivalent and, therefore, obtaining greater gain for the laser mode. All laser characteristics are obtained for Nd 3+ :YAG laser which is one of the most common laser types. A solid−state Nd:YAG laser typically emits light with the wavelength of 1064 nm at room temperature, in the infrared [8] . This kind of laser is one of the excellent candidates for a source for medicine and military applications. Additionally, the Nd:YAG laser has narrow spectral width, well−controlled modal output and expected durability [9] . Nd:YAG laser has many different applications, for example: in optics' communication as a source [9] , in prosthetics for welding of dental metal alloys [10] , in medicine for soft tissue surgeries in the oral cavity (one−mode laser) [11] , in military as laser designators and rangefinders [12] .
In Sect. 2 a small−signal perturbation solution of the cou− pled laser rate equation is presented. It provides an approxi− mate expression for the 3−dB modulation bandwidth in the considered laser. The laser characteristics for Nd 3+ :YAG photonic crystal laser are shown in Sect. 3. Conclusions are presented in Sect. 4. Figure 1 shows the schematically considered waveguide la− ser structure based on 1D photonic crystal with DBR mir− rors. The considered rectangular waveguide, which thick− ness is d, the width is t and the refractive index is n a [( Fig. 1(b) ], is surrounded by 1D photonic crystal mirrors consisting of alternately placed stripes with different refrac− tive indices (n 1 and n 2 , respectively). The lengths L 1,2,r,t of elementary cells of the mentioned mirrors are indicated in Fig. 1 . 1D photonic crystals' DBR mirrors are placed at the ends of the waveguide structure. Those mirrors consist of stripes with different refractive indices (n r1,t1 and n r2,t2 , res− pectively). One of those mirrors reflects totally radiation in cavity and the second one transmits radiation partly outside of the cavity. Stripes in 1D photonic crystals are made of YAG (refractive index is 1.808) and Ga 3+ :YAG (refractive index is 1.84), respectively. The active structure is made of Nd 3+ :YAG, placed on a substrate made of YAG (n S = n 1 ) and covered with air (n c = 1).
Theory
Similarly, as in Refs. 7 and 13, we start an analysis from the coupled laser rate equations for a single mode
where N denotes the inversion density, I (x, y, z) describes the total intensity of the laser mode in the cavity, I s is the sat− uration intensity, t is the spontaneous lifetime, r is the exci− tation rate, Q denotes the number of photons in the laser mode, and t Q is the cavity lifetime. We assume that the total intensity of the laser mode is given by
where E + and E -are the longitudinal field distribution for counter propagating waves [4] E z e E z r e z eff z
where r 1eff and r 2eff are the effective amplitude reflection coefficients for DBR mirrors made as 1D photonic crystal at the ends of active medium, g is the propagation constant for longitudinal mode
L is the length of active medium. E pq is the transverse field of rectangular dielectric waveguide [14, 15] and this field has different forms in waveguide [(Eq. (6)] and sur− rounding layers [(Eqs. (7) - (10)]
where A pq , A K are the amplitudes of electric fields in wave− guide and photonic crystal, respectively, k is the wave vec− tor in vacuum, b is the propagation constant for transversal pq−th order modes [14] , the parameters k x , k y , h, x are described in Ref. 
and Following the approach presented in Refs. 7 and 13 and using a small−signal perturbation solution of the coupled laser rate equation, it is possible to obtain expressions for the damping rate coefficient L and the frequency of the relaxation oscillations W for the investigated laser, in the following form
where the small−signal gain coefficient a 0 is described as below
,
c is the free−space velocity of light, P P out s is the relation between the output power and saturation power, and the parameter C is Having the determined frequency W and the damping rate coefficient L of the relaxation oscillations as a function of the laser structure parameters, it is possible to calculate the 3−dB modulation bandwidth using the following equation [6, 7] f
By using Eqs. (13), (14) and (16), it is possible to obtain the laser characteristics for 1D photonic crystal laser show− ing the influence of characteristic lasers' structures' parame− ters (especially of photonic crystal structure: width of stri− pes, number of elementary cells) on the f 3dB modulation bandwidth.
Numerical results
This section shows characteristics of the planar waveguide laser with 1D photonic crystal mirrors. The characteristics are obtained for the planar Nd 3+ :YAG laser, operating at l = 1.064 mm which active medium refractive index is n a = 1.82 and the length of active medium is L = 1 cm. The considered rectangle waveguide has the thickness d and the width t. All used values of the thickness d and the width t are indicated in laser characteristics. The normalized output power is P P out s = 0.1, the normalized loss coefficient is a S L = 0.01. The spontaneous lifetime is taken as t = 260 μs. The refrac− tive index for 1D PC mirrors are: n r1 = n t1 = n 1 = 1.808 and n r2 = n t2 = n 2 = 1.84, respectively, as it is shown in Fig. 1 . The numbers of elementary cells are indicated as: N R for 1D PC totally reflecting mirror at the end of active medium, N T for 1D PC partly transmitting mirror at the end of active me− dium and N S for 1D PC mirrors surrounding active wave− guide. The widths of all used 1D PC elementary cells are
In the first step, it is necessary to match proper photonic crystal unit cells' parameters to obtain totally reflecting PC mirror and transmission PC mirror. Figures 2 and 3 are use− ful in this action. Figure 2 shows real and imaginary parts of Bloch wave vector K N [16] (counted by Transfer Matrix Method [16] ) as a function of the elementary photonic crystal cell width L PC . To create this figure, we have made an assumption that stripes in PC have the similar width equalling L PC / 2. As it is shown in Fig. 2 , photonic band gaps are present in the areas where imaginary part of Bloch wave vector K NIm has non zero values. Therefore, for further calculation we choose the elementary photonic crystal cell width L PC = 6 μm. This value of L PC corresponds to the centre of photonic band gap. For further analysis, we will also investigate the planar waveguide laser for adjacent photonic band gap (L PC = 3 μm), and at the edge of photonic band gap (L PC = 7.5 μm) of used 1D photonic crystal structures.
In the next Fig. 3 , we draw photonic crystal transmission characteristics for constant widths of each layer in elemen− tary cell which equal a half of L PC and for the fixed wave− length l = 1.064 μm. In Fig. 3 In general, the obtained laser characteristics reveal the influence of characteristic photonic crystal parameters (e.g., elementary cell width, number of elementary cells) and laser structure parameters (e.g., thickness, width, rectangular waveguide mode, losses and relation between output power and saturation power) on the modulation bandwidth in a pla− nar Nd 3+ :YAG laser based on photonic crystal structures. Figure 4 shows the dependence of the modulation band− width on the amplitude reflection coefficient, for the ele− mentary cell width L PC as a parameter. As we can notice, the modulation bandwidth strongly depends on amplitude reflection coefficient. It decreases for small values of r 2eff and, next, increases with increasing values of the reflection coefficient. Moreover, all 3−dB modulation bandwidth char− acteristics exhibit a minimum. This is caused by the fact that the modulation bandwidth is practically determined by the relaxation oscillation frequency W which is directly related to a small−signal gain. Therefore, in Fig. 5 we show the small−signal gain coefficient as a function of amplitude reflection coefficient for the same parameters as in Fig. 4 . It can be seen, that the small−signal gain has minimum in the presented range of amplitude reflection coefficient near value of r 2eff = 0.2 [(see Fig. 5 characteristics of the 3−dB modulation bandwidth reveal evidence of the gain saturation effect in the active medium in the same way as the small−signal gain a 0 L [15] . Furthermore, Figure 4 shows, that the modulation band− width depends on the elementary cell width L PC . Since we changed the elementary cell width, we matched proper rect− angular waveguide width for each f 3dB curve. We analyse only one mode waveguides. As we can see in Fig. 4 , the highest values of modulation bandwidth are for the structure with L PC = 3 mm. The modulation bandwidth decreases with the increasing elementary cell width L PC (from L PC = 3 μm to L PC = 6 mm) for centre of photonic band gap. Whereas we obtain the widest one−mode laser waveguide for L PC = 6 μm. Since it is easier to make photonic crystal structures with a higher width and one−mode laser structure has a wider waveguide, in the next figures we will analyse only lasers with the width of L PC = 6 μm. Figures 6 and 7 show the f 3dB modulation bandwidth as a function of the amplitude reflection coefficient r 2eff for E pq x mode order as a parameter. In Fig. 6 we analyse laser structures for modes E . For higher values of t (for higher modes' number q), the energy stored in active medium is divided into all modes propagating in the given laser structure. Then, the modulation bandwidth for each of analysed modes is smaller.
The similar situation can be observed in Fig. 7 where the modulation bandwidth is analysed for the different mode number p (modes: E Figure 9 shows the 3−dB modulation bandwidth as a function of the amplitude reflection coefficient r 2eff with the normalized output power P P out s as a parameter. As we can notice, the modulation bandwidth increases with the increasing output power for all values of the reflection coef− ficient r 2eff . It is caused by the fact, that with higher values of P P out s the laser structure is pumped with a higher power. Figure 10 shows the f 3dB characteristics vs. the amplitude reflection coefficient r 2eff with the loss coefficient normal− ized to the length of active medium as a parameter. As we can see, variation of the losses does not strongly affect the modulation bandwidth. It is a result of an expression des− cribing the modulation bandwidth and dependence of relaxa− tion oscillations' parameters (the damping rate of relaxation oscillations does not depend on loss coefficient in active medium).
Conclusions
In this paper, we presented a systematic study of the 3−dB modulation bandwidth in a planar waveguide laser based on 1D photonic crystal structures. On the basis of the small− −signal perturbation method, we have derived approximate equations which relate the damping rate L, the frequency W of relaxation oscillations and the f 3dB modulation band− width to photonic crystal characteristic parameters. In our approach, we have started from time dependent laser rate equations in the active medium taking into account the gain saturation effect, transverse and longitudinal field distribution.
With the obtained approximate equations, the laser char− acteristics of the 1D photonic crystal laser structure have been evaluated. We have shown how to design proper parameters of photonic crystals' structures acting as mir− rors. In order to create a totally reflecting mirror, it is neces− sary to select width of an elementary photonic crystal cell from the centre of photonic band gap for a large number of PC cells. For a higher width of an elementary photonic crys− tal cell used to construct mirrors we obtained a wider one− −mode laser waveguide. We have also shown that modula− tion bandwidth strongly depends on values of photonic crystal mirrors' parameters. It decreases with the increasing width of elementary photonic crystal cell. Moreover, the laser characteristics exhibit minimums within the presented range of the amplitude reflection coefficient, caused by the saturation gain of the active medium. The modulation band− width has lower values for higher thickness and width of rectangular laser waveguide because the energy stored in the active medium is divided into all modes propagating in a given laser structure.
We believe that our model of dynamic operation can be a useful tool for modelling such laser structure operating as a laser source in many applications. 
